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Abstract. An unorthodox unified theory is developed to describe external and internal 
attributes and symmetries of fundamental fermions, quarks and leptons. Basic ingredients of 
the theory are an algebra which consists of all the triple-direct-products of Dirac 7-matrices 
and a triple-spinor-field, called a triplet field, defined on the algebra. The algebra possesses 
three commutative subalgebras which describe, respectively, the external spacetime symmetry, 
the family structure and the internal color symmetry of quarks and leptons. The triplet field 
includes threefold (fourfold) repetitional modes of spin | component fields with SU(3) (SU(4)) 
color symmetry. It is possible to qualify the Yukawa interaction and to make a new interpretation 
of its coupling constants naturally in an intrinsic mechanism of the triplet field formalism. The 
Dirac mass matrices with quasi-democratic structure are derived as an illustration. 



1. Introduction 

In the orthodox way of unification, such as the standard model and the grand unified theories, 
fundamental fermions belonging individually to the irreducible representations of the external 
Lorentz group are organized into definite multiplets of the internal symmetry group. Here, we 
propose an unorthodox scheme of unification where a family of fundamental fermions is described 
by a master spinor field obeying to a generalized Dirac equation with coefficients belonging to 
an algebra, called a triplet algebra, which consists of all the triple-direct-products of the Dirac 
matrices. In accordance with the Coleman-Mandula theorem [TJ [2] insisting that "spacetime 
and internal symmetries cannot be combined in any but a trivial way", we decompose the 
triplet algebra into mutually-commutative subalgebras. The subalgebra related with internal 
property of fundamental fermions, quarks and leptons, is made up of two subalgebras which can 
be related, respectively, to repetitional family structure and color symmetry. The master spinor 
field, named a triplet field, is proved to include threefold (fourfold) repetitional modes of spin | 
component fields with SU(3) (SU(4)) color symmetry. 

We construct explicitly the triplet algebra and its subalgebra for the external spacetime 
symmetry in §2 and define the triplet field forming a multiple representation of the Lorentz group 
in §3. Characteristic of the subalgebra for internal properties of fundamental fermions is closely 
examined in §4 and §5. First, chirality operators acting on the triplet field are decomposed 
further into the sums of the projection operators which can be interpreted to discriminate 
repetitional degrees of freedom for family structure. Second, we find the algebra for color 
symmetry in the set of the elements which are commutative both with the chirality operators 
and all elements of the algebra for external symmetry. In the present scheme, the triplet field 



has no degrees of freedom for the symmetry of electroweak interaction. In §6, we reformulate 
the standard model by introducing the set of chiral triplet fields for the left-handed doublet and 
the right-handed singlets of the Weinberg-Salam symmetry. It turns out possible to qualify the 
Yukawa interaction and make a new interpretation on the Yukawa coupling constants naturally 
in an intrinsic mechanism of the triplet field formalism. As an explicit illustration, the Dirac 
mass matrices with quasi-democratic structure are derived. Possible applications of the present 
scheme to the systems of fundamental fermions with different attributes and symmetries are 
discussed in §7. 

2. Triplet algebra and subalgebra for external Lorentz symmetry 

The Dirac's 7-matrices 7^ (fi = 0, 1, 2, 3) satisfying the Clifford anticommutation relations 
liTIv + lulfi = 2^2,1 with (r)fj, u ) = diagonal (1, —1, —1, —1) are introduced solely as the 
mathematical quantities which carry no direct physical meaning. Hermite conjugate of 7^ is 

defined by 7^ = 7q7^7o- The 7-matrices generate the 16 dimensional manifold, named a Dirac 



ira, as 

^7 = (7,.) = {!> 7 M , <V, 7s7 M i 75} (!) 

where o> = §(7^ - 7^7 M ) and 7 5 = i7 7i7 2 73 = 7 5 - 

Let us call the triple-direct-product of the bases 1, 7„, a^, 757^ and 75 a primitive triplet and 
the triple-direct-product of arbitrary elements of a triplet. Then, we define the triplet algebra 
At as the 16 3 dimensional manifold spanned by all the linear combinations of triplets. In other 
words, the triplet algebra At is generated in terms of the 12 primitive triplets 7„®1®1, 1®7„®1 
and 1 ® 1 ® 7^ as follows: 

A T = (7 M ® 1 <8> 1, 1 ® 7a. ® 1, 1 ® 1 ® 7 M )- (2) 
The primitive triplets A± ® B\ ® Ci and A2 ® -B2 ® C2 obey the multiplication rule 

(4i ® 5i ® Ci)(A 2 ® B 2 ® C 2 ) = ® -B1-B2 ® CiC 2 (3) 

and the triplets satisfy the distribution law 



\ i / \ j I \ k / ij'fc 



(4) 



where A's, B's and C's are the bases of A-y in (TTJ), and a's, b's and c's are complex numbers. 
The transpose (Hermite conjugate) of the primitive triplet is defined by the triple-direct-product 
of its transposed (Hermite conjugate) components of Aj as 

(A ® B ® C) T = A T ® 5 T ® C T , (i4 ® 5 ® C) f = A f ® £ f ® C ] (5) 

and the trace of the triplet is set to be 

Tr (A <g> B <g> C) = Tr (A) Tr (B) Tr (C) . (6) 

The triplet algebra At is large enough to form a variety of realizations of the Lorentz group 
representation. To obtain such kind of multiple spinor representation that describes exclusively 
the spin ^ states, we note that the primitive triplets 



r M = 7 M ® 7 M ® 7 M (A* = 0, 1, 2, 3) 



(7) 



satisfy the Clifford relations [3] 

r^rv + v u v^ = (8) 

where I = 1 ® 1 (g> 1. Hermite conjugate of is defined by 

rt = r r M r (9) 

and the traces are calculated to be 

Trr M = o, Tr(r M r,) = te Vta/ . (10) 

With these new elements, we are now able to construct a subalgebra of At being isomorphic to 
the Dirac algebra as follows: 

= < r ^ = {!> r M> s^, r 5 r M , r 5 } (11) 

where 

E M „ = 2 ( r M r ^ ~~ r ^ r A*) = _ °> ® °> ® °> ( 12 ) 

and 

r 5 = iror!r 2 r 3 = r 5 = - 75 7 5 ®7 5 . (13) 

The set of elements which are commutative with the subalgebra Ap, i.e., 

C r = C(A r :A T ) = {XeA T : [X, r M ] = 0} (14) 

forms a subalgebra of At, called a centralizer of Ap in Ay. The primitive triplet in Cp is proved 
to have even numbers of components 7^-matrices for all /i [3]. Therefore, the composition of Cp 
is determined to be 

Cp = ( 1®7 M ®7 M , T^^I^Tm }■ (15) 
The triplet algebra has a non- intersecting decomposition Ap U Cp = A7 1 . 
Note that all of the antisymmetric operators E^ form a subalgebra 



As 



{e^} C A r c A t . (16) 



We identify this subalgebra Ayj with the external algebra which generates the Lorentz group in 
our spacetime. It is readily proved that the operators 



M„v = -5V (17) 



1. 

2' 

are subject to the commutation relations of the Lie algebra for the orthogonal group 0(1,3) as 

[M K \, M^ u ] = -ir] Kfl M Xu + ir] KU M x ^ - vq\ v M Ktl + ir]\^M KU (18) 

and M^y and satisfy the relations 

[M^, r A ] = ir} Xl/ T^ - irjxnF,,. (19) 

Accordingly, it is possible to postulate that the operators M^ u generate the Lorentz 
transformations and that the subscripts of operators consisting of refer directly to the 
superscripts of the spacetime coordinates { } of the 4 dimensional world where we exist as 
observers. Therefore, it is natural to define the raising and lowering operations of index of 
by the metric 77^ as follows: 

r" = 7rr„, T ll = r llw v. (20) 

As is evident from the construction so far, the component 7-matrices carry no direct physical 
meaning and regarded as playing only the role of alphabets. It is the elements of the triplet 
algebra At that play the role of codons carrying the direct physical meanings. 



3. Multiple spinor representation of the Lorentz group 

At this stage, we are allowed to introduce the triplet field, ^f(x), on the spacetime point x^, 
which spans a 4 3 dimensional vector space for multiple spinor representations of the Lorentz 
group. The triplet field is proved to possess 4 2 component fields with spin \ carrying different 
internal attributes. For the triplet field ^(x) and its adjoint field 

= ^(x)r , (21) 

the scalar product is defined as 

¥(x)*(x) = Y,^abc(x)^ abc (x). (22) 
abc 

Under the proper Lorentz transformation x ,fl = Q,^ v x u where Q,\^Vl' K v = r)uv and detO = 1, the 
triplet field and its adjoint are presumed to transform as 

&(x') = s(n)y( x ), *V) = y(x)s- l (n) (23) 

where the transformation matrix S(£l) belongs to the external algebra Aj^. For the bilinear 
form \& (x)T (x) to behave as the vector under the Lorentz transformation, S(£l) must satisfy 
the conditions 

^- 1 (^)r M 5(o) = n/r„, s~\n) = r s\n)r (24) 

which determine its explicit form to be 

S(fl) = exp f-'-M^A (25) 

for the spacetime rotations with angles in the [x-v planes. For the discrete spacetime 
transformations such as the space inversion, the time reversal and the charge conjugation, the 
present scheme retains exactly the same structure as the ordinary Dirac theory. 

The internal attributes of fundamental fermions should be fixed independently of the inertial 
frame of reference in which observations are made. This means that the generators specifying 
their internal attributes must be commutative with the elements of the external algebra for 
the Lorentz transformations. Accordingly, we are led naturally to postulate that the algebra for 
internal symmetry should be related to the centralizer of A^ defined by 

C s = C(A^ :A T ) = {XeA T :[ X, ] = 0}. (26) 

The primitive triplet of the centralizer Cyj is proved to consist of either an even number or 
an odd number of component 7^-matrix for all \i [3]. Consequently, the composition of the 
centralizer Cyj is determined as follows: 

C S = {1® 7(1 ® 7/ ,, 7^1® lfV 75 ® 7 5 ® 7 5 >• (27) 

It is now recognized that the triplet algebra has another non-intersecting decomposition 
A-^ UCyj = At- We have to examine detailed structures of Cyj, which is identified with internal 
algebra, and to inquire what sorts of internal attributes of the fundamental fermions can be 
inscribed on the triplet field ^(x) forming the multiple spinor representation of the Lorentz 
group. The subalgebras of the triplet algebra At defined so far, Ap, A-^, Cp and Cyj, obey the 
inclusion relations 

i s C ip C : C r C C s C A T . (28) 
Connectedly, the element T§ belongs to the subalgebras ^4p and Cyj as follows: 



r 5 Ms> r 5 £A r : r 5 £C r , r 5 e% 



(29) 



4. Subdivision of chirality operators and repetitional modes of family structure 

Equation (j29|) shows that the chirality operators 

L = i(i-r 5 ), R = ±(i + r 5 ) (so) 

belong to both of the subalgebras and Cyj. It is straightforward to verify that these operators 
have the following subdivisions in the internal algebra Cyj as 

L = £(&r®r + r(&i®r + r®r(&£ + l®£®i (31) 

and 

R = r®l®l + l®r®l + l(dl®r + r(3r®r (32) 

where 

5(1-75), r = i(l + 75 )- (33) 

Note that this subdivision cannot be realized in the algebra ^4p. 

To give independent physical roles and meanings to those subdivided terms in (f3Tj) and (f32|) . 
let us introduce the following operators in Cyj as 

f Ilii = £ <g> r <g> r, Iliij = r®l®£, 
n 2 L = r <g> I <g> r, n 2 i? = ^r®f, 

(34) 

n 3 L = r (8) r <g> £, n 3i? = £ <g> £ (8> r, 
k n 4L = £ ® £ <g> £, U 4R = r(g)r®r, 

which are chiral projection operators obeying the relations 

ikhRjh' = Sij6 hh fUi h , 5Jn»h = 1 (35) 

ih 

for i, j = 1, 2, 3, 4 and h, h! = L, R. Next, we define the non-chiral projection operators 

Ui = U iL + U tR (36) 

satisfying the relations 

S.jU,. Y, Ui = L ( 3T ) 

i 

All of these operators form the subalgebra {n^} = ( 75 (g> 1 ® 1, 1 ® 7 5 ® 1, 1 ® 1 (8) 7 5 ) of the 
internal algebra Cyj. 

Here, we make interpretation that the projected modes of triplet field given by 

V iL (x) = LU^(x) = IUl*(x), V iR {x) = RUi^(x) = Il iR if(x) (38) 

and 

*i(x) = TLi*(x) = *iL(x) + (39) 

represent the repetitional family structures of quarks and leptons. To apply this scheme to 
the three generations of quarks and leptons observed in the low energy regime, we impose the 
constraint condition, a posteriori, 

n 4 *(x) = (40) 

on the triplet field to suppress the fourth mode. Henceforth, we describe this three generation 
model in the present paper. Note, however, that it is possible also to describe the model including 
the fourth mode whose existence could be confirmed in sufficiently high energy regime. 



5. Ordinary and extended color symmetries 

In the previous section, one aspect of the internal algebra Cyj was clarified by examining its 
subalgebra {IL/j}. Consequently, it is necessary and reasonable to investigate the structure of 
the centralizer C({Uih} ■ Cs^ ) of {n^} in Cyj. For its purpose, let us notice that the Dirac 
algebra Ay has the three elements 

Pi = ij2l3, P2 = i737i, P3 = «7i72 (41) 

which satisfy the multiplication rules of the Pauli algebra, i.e., p a pb = 5 a bl + ie a bcpc- Taking the 
triple-direct-products of these elements, we are able to construct the bases for a 16 dimensional 
submanifold included exclusively in the centralizer C( {ILih} : Cyj ) as follows: 

Ai = \ [p\ ® pi ® 1 + P2 ® P2 <8> 1) , A 2 = \ (pi ® P2 ® p3 ~ P2 <8> Pi ® Pz) , 

A 3 = \ (1 <g> p 3 ® p 3 - p 3 (8) 1 <g> p 3 ) , 

A 4 = | (pi (8> 1 <g> pi + p 2 (E> 1 <8> P2) , A 5 = \ (pi ® p 3 <g) p 2 - P2 ® P3 <8) pi) , 

A 6 = \ (1 ® pi <8> pi + 1 ® P2 <8) P2) , A 7 = \ (p 3 (8 pi <8> p 2 - P3 <8> P2 <8> px) , 

As = ^75 (1 ® P3 <8 p 3 + P3 ® 1 <8) p 3 - 2p 3 <S> p 3 ® 1) , (42) 
A 9 = I (1 (8) pi (8 pi - 1 (8) P2 <8) P2) , A10 = -\ (P3 ® Pi <8 P2 + p3 <8> p 2 <8> pi) , 
An = I (pi <8> 1 <8> pi - P2 <8 1 <8 P2) , A12 = -\ (pi <8> P3 ® P2 + P2 (8 P3 <8> pi) , 
A13 = 5 (Pi ® Pi <8) 1 - P2 <8 p 2 <8 1) , A14 = \ (pi (8 p 2 <8> P3 + P2 8> pi (8> p 3 ) , 
A15 = -^g (1 <8 p 3 <8 P3 + P3 <8> 1 <8> P3 + P3 <8> P3 <8 1) . 
The 15 operators Xj (j = 1, 2, • • • , 15) satisfy the commutation relations 

[A,, A fc ] = 2/,-fcjA, (43) 

and the anticommutation relations 

{Aj, A fc } = (5 ifc / + 2d iM A / (44) 

of the Lie algebra A3, where fj^i and are the symmetric and antisymmetric constants 
characterizing the algebra. The operators Xj are self-adjoint and have the traces 

TrA i = 0, TiXjXk = 328 jk . (45) 

We postulate, here, that the Lie group generated by the algebra 

A c4 = {I,Xx, A 2 , ••• ,Ai 5 } (46) 

describes an extended color SU C (4) symmetry. Evidently, this is one realization of the Pati-Salam 
symmetry in which the leptons are interpreted as the 4-th lilac color mode. 

The projection operators to the quark and lepton sectors are constructed, respectively, by 

A(«) = - (3/ - (8>p 3 (8 p 3 - p 3 <8 1 <8 p 3 - P3 ® P3 ® 1) (47) 

and 

AW = - (/ + ®P3 <8> P3 + P3 ® 1 8> p 3 + P3 ® P3 <8> 1) = A e (48) 



which are subject to the relations 

A (a) A (6) = 5abA (a) ^ 

for a,b = q, I. Accordingly, the operator for baryon number minus lepton number takes the form 

1 1 Pi 

B-L = -A^ - A^ = --(1 ® p 3 ® p 3 + p 3 ® 1 ® p 3 + p 3 ® p 3 ® 1) = W -Ai 5 . (50) 

It is straightforward to verify that the operator has the subdivision as 

A<«) = A r + A y + A g (51) 

where 

A r = | (J + ®P3 ® P3 - P3 ® 1 ® - P3 ® P3 ® 1) , 

A y = I (I ~ ®P3 ® P3 + P3 ® 1 ® P3 - P3 ® P3 ® 1) , (52) 
A 9 = I ( J - ®/°3 ® P3 - P3 <8> 1 ® P3 + P3 ® P3 ® 1) 

are the projection operators into tricolor quark modes. The operators A a satisfy the relations 

A a A& = S ab A a , A « = 1 ( 53 ) 

a 

for a,b = r, y, g, L 

The extended color symmetry SU C (4) is presumed to be broken spontaneously at an 
appropriate energy scale down to the symmetry of semi-simple group SU c (3)®Ub_z,(1). To 
see how SU C (3) is embedded in SU C (4), it is necessary to note the following property of the 
constant djki of SU(4) group as djki = ~^^ki5 f° r j < 8, and the relation between A15 and A^ 
in (|50|) . For the eight operators Aj (j = 1, 2, • • • ,8), we obtain the commutation relations in 
(|43p with the structure constants fjki of the SU(3) group and anticommutation relations 

{Xj, A fc } = |<5 J - fc A^+2d iW A,. (54) 

Note that the projection operator A^ appears in the right hand side of this relation. Without 
it, this relation runs into contradiction, when applied to the operator A^ from the right. The 
identities 

A^Aj = 5 aq \ 3 (55) 

which hold for a = q,£ and j = 1, 2, • • • , 8 imply that Aj(< 8) are simultaneous eigenvectors of 
A^ and A" with respective eigenvalues 1 and 0, and that the operators Aj(< 8) annihilate the 
leptonic mode. These results prove that the 9 dimensional submanifold of the extended color 
algebra A c ^ defined by 

A d3 = {I,X 1 ,\ 2 ,--- ,A 8 } (56) 

generates the color SU C (3) group. The Ub_£,(1) group is generated by the operator B — L given 
in (J5QJ). 

From the triplet spinor field ^(x), the quark and lepton fields are projected out by 

*W(x)=AW*(i), (57) 
respectively, for a = q, I, and four color modes of SU C (4) symmetry are given by 

V a (x) = A a ^(x) (58) 

for a = r,y, g, t. 



6. Standard model in the triplet field formalism 

To separate the component fields of internal modes of the triplet field, it is convenient to 
introduce the braket symbols for the projection operators A a and liih by 

A a =| a) (a |, Uih =| ih)(ih \ . (59) 

Then, the decomposition of the bilinear scalar and vector forms of the triplet fields can be 
achieved as follows: 

*(x)*(x) = E E *(aOAoIIi fc tt(a;) = E E *°ih(. x )*°ih(x) (60) 

a ih a ih 

and _ 

<S>{x)T^{x) = E E ^(^AJWz) = E E *aih(x)T^ aih (x) (61) 

a ih a ih 

where h implies that L = R and R = L. The chiral component fields ^ a ih(x) and ^f a ih{x) are 
defined by 

A a U ih ^/(x) = \aih){aih\V(x)) = \aih)^ aih {x) (62) 

and 

^(x)A a U ih = {V(x)\aih)(aih\ = V aih (x)(aih\. (63) 

We have extracted maximally 4 2 component spinor fields with spin |, \I> a j = J2h ^aih, from the 
original triplet spinor field *(x). 

In the present formalism, the triplet field has no degrees of freedom for the Weinberg-Salam 
symmetry SUl(2)(8>Uy (1). Therefore, to describe the actual system of quarks and leptons in 
this algebraic scheme, it is required to prepare a set of triplet fields to make up for the deficit 
degrees of freedom for electroweak interaction. 

Here we incorporate the Weinberg-Salam symmetry into our formalism by introducing the 
set of chiral triplet fields so that the left-handed triplets constitute the doublet 

( 64 ) 



X 



and the right-handed triplets form the singlets 

vQ\x), V$(x) (65) 

of the electroweak isospin, where (t) and (J.) signify the up and down states. The quark 
and lepton parts of the electroweak doublet *&l(x) have the component modes expressed 
schematically as 

M/ us , , ( A^A a n iL M/(t) \ / u a c a t a \ 

U (9) AJI iL *(W ) L \d a s a b a ) L 

and 

U), ^ m , , ( A ( ^n iL M/(t) \ / Ue V/t ^ \ 

• ?w = AW * lW = (A<o nil .a)) 1 = (. „ (67) 

ft) ( I s ) 

Similarly, the electroweak singlets (x) and (x) possess the quark and lepton parts with 
contents of the component modes as follows: 

*%\x) = AM*%\x) = (a^A^r*™) ={u a c a t a ) R , (68) 



tfg>( z ) = A®*%\x) = (A«AJI^*W) = {d a s a b a ) R , 
*^) = A ( M ) (i)=(A«D«*J ) ) = (»', v, v T ) R , (70) 



and 

¥<?(*) = AW*W(x) = (AW^W) = ( e M r) R . (71) 



The chiral triplets in (|64f) and (|65p enable us to express the Lagrangian density of the kinetic 
part including the gauge interactions of quarks and leptons in the generic form 

C kg = * L (x)rn> ll * L (x) + ^\x)T»V^\x) + ^\x)T»V^\x) (72) 

with the covariant derivatives T>^. In the low energy regime where the standard model can be 
applied, the covariant derivatives act on the triplet fields as follows: 



and 



V^ L {x) = - gAl(x) l -r a - g'B,(x) l -(B - L) - g c A^{x) l -\^ * L (x) 
V^(x) = (d, - g'B,(x)±(B — L + l) — g c A%{x)\\)j *$\x) 

V^\x) = (d, - g'B,{x) l -{B — L — l) — g c A%{x)\\)j *%\x) 



(73) 
(74) 

(75) 



where A*(x) and B fl (x) are the gauge fields which interact, respectively, to the electroweak 
isospin ir a of SUl(2) and the hypercharge of Uy(l), and A^Jx) is the gauge field of color 
symmetry. This density Ck g is readily proved to reproduce the gauge interactions of the standard 
model with right-handed neutrino species. 

In the present scheme, the chiral triplet fields include the repetitional degrees of freedom for 
family structure. This feature enables us to formulate the Yukawa interactions in an intrinsic 
mechanism without bringing in so many unknown parameters from outside. In terms of chiral 
triplet fields, the Lagrangian density of the Yukawa interactions can be expressed to be 



C Y = g u ^\x)yj(x)^\x) + g d vf{x)y d <t>{x)yf{x) 

+ gj!f{x)y v ^{x)^{x) +g e ¥t\x)y e 4>{x)^%\x) + h.c. 



(76) 



where 



m= ,n > <k*) = , ( 77 ) 



are the Higgs field and its conjugate of the standard model, and the kernel operator y a (a = 
u, d, e) works to induce mixings among repetitional modes. To be commutative with the 
generators of color symmetry, the operator must be composed of triple-direct-products of the 
Dirac matrices 7 and j 5 . To frame its generic construction, we impose the conditions that it 
is self-adjoint and it brings forth the quasi-democratic mass matrices in the low energy regime. 
As a natural candidate for y a , we adopt 



y a = \[l + y a i (l®7oe^ a275 ®7oe 



( 78 ) 



with real parameters y a i and 6 a i (a = u, d, u, e; i = 1, 2, 3). 

The quark part of the Lagrangian density in (|76p is readily decomposed into the Yukawa 
interactions among component quark fields as 

£ ^?^4 o) =£*E *S WaD**^ = £ # w [ga{iR | y a | ifl>] (79) 

This result and the similar decomposition of the lepton part lead us to the interpretation that 
the quantities 

9a(iR\y a \jR) (80) 
are the Yukawa coupling constants of the a sector (a = u, d, v, e). 

In the low energy regime where the Higgs field takes the vacuum expectation value ((f)) and, 
consequently, the Weinberg-Salam symmetry is broken, the Yukawa interaction with the kernel 
in (|78p results in the Dirac mass matrices 

/ 1 a a3 e^ a a2 e-^ 2 \ 

M a = (g a (<P)((iR\y a \jR))) = m a a^e"^ 1 ^0.1 ( 8 1) 

V a a2 e^ 2 a al e-^ 1 / 

where m a = \g a {4>), a a i = yaj|(^|7ol r )| 2 and = #a2-#a3 (cyclic). This type of the Hermitian 
quasi-democratic matrices are recognized to explain the hierarchical structures of mass spectra 
and the weak mixing matrix for the quark sector [H [5] . 



7. Discussion 

In this way, we have formulated an algebraic theory for unified description of external and 
internal symmetries of quarks and leptons. The basic ingredients of the theory are the triplet 
algebra consisting of all the triple-direct-products of the Dirac matrices and the triplet field 
forming the multiple spinor representation of the Lorentz group. The triplet field has the 4 3 
component fields which afford the freedom for the repetitional family structure as well as the 
external spacetime symmetry and the internal color symmetry. 

By postulating the triplet fields of the electroweak doublet and singlets to exist, the standard 
model with three generations is successfully reproduced so that the Yukawa interactions are 
formulated, without bringing in many unknown coupling constants from outside, and the Dirac 
mass matrices with quasi-democratic structure are naturally derived. 

The present formalism is flexible enough to be applicable to various field theories suitable 
for descriptions for different energy scales. Removing of the constraint in (|40p enables us 
formulate the four generation theory of quarks and leptons and introduction of the right-handed 
electroweak doublet in place of the singlets in (|65|) allows us to obtain the gauge theory of 
left-right symmetry. Further, we can bring in the gauge symmetry for repetitional family 
modes. Note that the three Dirac matrices p\ = 7 , p' 2 = *7o75 an d = 75 generate 
the Pauli algebra. Taking the triple-direct-products of these elements just as in ()42|) . we 
can construct the 16 dimensional submanifold which generates the SU(4) group for family 
symmetry. Therefore, it is possible to formulate the gauge field theory with the symmetry 
SU c (4)®SU L (2)tg>SU R (2)(g>SU fami i y (4) in the triplet field formalism. 



Acknowledgment s 

This work was supported by the JSPS Grant-in- Aid for Scientific Research (S) No. 22224003. 
[1] Coleman S and Mandula J 1967 Phys. Rev. 159 1251 

[2] Weinberg S 2000 The Quantum Field Theory of Fields vol III(Cambridge University Press) chapter 24 
[3] Sogami I S 1987 Prog. Theor. Phys. 78 487 

[4] Branco G C, Silva-Marcos J I and Rebelo M N 1990 Phys. Lett. B237 446 

[5] Sogami I S, Nishida K, Tanaka H and Shinohara T 1998 Prog. Theor. Phys. 99 281 



